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Introduction

Stability of the Solar System (SSS) - Dynamic System (DS).
= 1766, Lagrange’s works: Modeling of (SSS) by

Differential Equation (DE)
= 1829, Cauchy DSCaUChy(DE);
= 1879, Poincaré: DSpy;\c4ra(DE) 2 DSCaUChy(DE);
= 1880, Fuch DSg . (DE):=DSgR(DE);
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Stability of the Solar System (SSS) - Dynamic System (DS).
= 1766, Lagrange’s works: Modeling of (SSS) by
Differential Equation (DE)
= 1829, Cauchy DSCaUChy(DE);
= 1879, Poincaré: DSpy;\c4ra(DE) 2 DSCaUChy(DE);
= 1880, Fuch DSg . (DE):=DSgR(DE);
= 1880, Poincaré: DSpgincars(DE) 2 DSEych(DE):

Some Differential Equations haven’t an analytical solution.

Differential Equation Qualitative study (first return map, Rotation
Number):=Dynamic System. )

i o ¥4
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Introduction

Dynamic system: Definition and examples

Dynamic System:= (X, G, F)
A important class: (X, G, f); where, G = IN and

F:(x,n)eXx G f"(x); (1.1)

(S, N, f) illustrates a little more the problem of stability of the
solar system and many others.

b
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Introduction

Dynamic system: Definition and examples

Dynamic System:= (X, G, F)
A important class: (X, G, f); where, G = IN and

F:(x,n)eXx G f"(x); (1.1)

(S, N, f) illustrates a little more the problem of stability of the
solar system and many others.

Kr:=S"\ Upof(Uy) (1.2)

@ What is the qualitative description of K; (“Geometry”)?

©@ What is the size occupied by K; (Hausdorff Dimension)?

© What is the good tools to study it (Renormalization)?

@ When K; and Ky have the same size; description (Rigidity)?
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Introduction The class of functions

Rotation number of continuous circle map of degree one

R A(+Z) F w R deg(f) := F(x +1) - F(x)
if deg(f) = 1, then
i nmoF=fomn Jn .
v f L eh=im #(modn.
does not depend on x and F.
Assumption

p(f) = [aca1---] ¢ Q.
Denominators of the convergents of p(f)

q1 = 1/ q2 =a and qn+1 :anqn+qn_1, n23
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Introduction The class of functions

The class of functions .#’: Description

t1,6> 1. f € Zif there exist U := (a,b), c € 8" and 0 < € <<, such

that

Q f(U)=c.

Q flggisa C3-diffeomorphism.

o

and

TANGUE NDAWA Bertuel University of Ngao!

flibb+e ~ hr((x = b)?);
flla-e,a] = hi((x — a)"");

hi(x) = h(x) = x.
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Introduction The class of functions

The class of functions .Z: Representation

~
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Presentation plan

| Geometry
Il Renormalization
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Geometry
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“Geometry”: qualitative description Basics Definitions and Assumption

“Geometry”: qualitative description

Kr :=S"\ Upof(Uy)
i = 1(Uy).
(=gn, 0)|
Qn = @
{Degenerate “Geometry” (DG): ap —» 0
Bounded “Geometry” (BG): an > K >0
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“Geometry”: qualitative description Basics Definitions and Assumption

“Geometry”: qualitative description

Kr :=S"\ Upof(Uy) (2.1)
i=f(Up). (2.2)
(=an, 0)I

(Def)

Degenerate “Geometry” (DG): a; — 0
Bounded “Geometry” (BG): an > K >0

S0 = B~ 2\ Do

p(f)=laca;---]¢Q; a<aecNN. (A-BG)
"

2
_ D3f(x) 3(D2f(X)) <0; Vx Df(x)#0. (A-DG)
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“Geometry”: qualitative description Before our Results

Before our Results

Degenerate Geometry

(2010)

Graczyk

]-Graczyk 2 (201ﬁfenerate Geometry
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“Geometry”: qualitative description Before our Results

O\ AN e

Theorem 1 (B. TANGUE NDAWA (2020),
L. PALMISANO & B. TANGUE NDAWA
(2021))
@ DG: (t4,02) € [1,2]? with (A-DG);
Q BG: (£1,62) € [2,)?\ {(2,2)} with
(A-BG) ;
©Q BG:p=[abab---]a,b e N

HX)=(1=¢)G-1)".  (2.4)

2

JGE =627 + (0(b)ta(a) + 20652 + 7)) (b)te(a) +

2 la,p(€1,€2)
+ti(b)ta(a) + &0+ 523 -2<0
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Renormalization

Renormalization
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Renormalization: Story

- Quantum Field Theory (QFT): Dirac (1927); Before, Born, Jordan
and Heisenberg

- inconsistencies (incomprehension) mathematics: oo <<

- Renormalization (introduction): resizing the variables (masses)
and constants (1945-1955): Behe, Feynman, Schwingert, Dyson,
Nicolai Shirkov

- Renormalization Kenneth Wilson (1982) Shirkov (1982-1984)
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Renormalization: Story

- Quantum Field Theory (QFT): Dirac (1927); Before, Born, Jordan
and Heisenberg

- inconsistencies (incomprehension) mathematics: oo <<

- Renormalization (introduction): resizing the variables (masses)
and constants (1945-1955): Behe, Feynman, Schwingert, Dyson,
Nicolai Shirkov

- Renormalization Kenneth Wilson (1982) Shirkov (1982-1984)

The renormalization can be defined as the microscopic study of
the “Geometry”.

- Unimodal Maps: de Melo and Van Strien (1993), etc.
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Story
Result of Marco and Liviana
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Renormalization The class of functions

Class of renormalization map

p(f) = —
=[111.-]
=1+ 1

3
14 3
Il =

= Nombre d’or.
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Renormalization The class of functions

The class of functions

¥X = {(x1,X2,X3,X4,8) € R%|x1 <0, x3<x4<1,0<xp, s<1}, (38.1)

fi=(x1, X, X3, X4, S, ¢, 9", ¢") € L% = X x (Diff*([0,1]))°.  (3.2)

(1—x2)q30(p(x1x—_x)+x2 if xe[xy~1,0]
1
| X3 — X )"1 .

X —_ if x €]0, x:
f(x) = 1(¢’( o ) 10, (3.3)

0 if X €[x3, X4]

_ ¢
x2(go’(x XA'))2 if xe[xq1~x4];
1—X4

gs(x) = [(1 - s)x + 82 [1 = 8] . (3.4)
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Renormalization The class of functions

Our Contributions

if 0 < xo < x3, then R(f) := ho PR(f)h~" e £X. (3.5)

441+ (0 =R +2(6 + ) +1-2062<0  Iys(6r,02)

1

Theorem 2 (B. TANGUE
NDAWA (2024))
@ [0 - R]: (£1,62) € (1,2)2
with (A-DG);
Q [B-R]:ifli1(¢4,¢2)
holds and additional
condition.

TANGUE NDAWA Bertuel University of Ngao!
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Renormalization Proof of main result: First Renormalization

Proposition 3

f e £, PreR(f) defined on [x1, X2).

h:xex,x) — Xi € [xo/x1,1) (3.6)
1
then,
Rf := ho PR(f)o h™' € &%, (3.7)
that is,
Rf := (X11, X1, X34, Xa1, $1, 91,9}, ¢) € £%; (3.8)
where,
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Proof of main result: First Renormalization

Renormalization

20/34

July 16, 2025
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Renormalization Proof of main result: First Renormalization

X1,1
X2,1
X31

X4,

51
(4]
¢
®]

X2

X1/

P (=52

P X3 ,

S R X4—X2)
1 ¢ o0 (1—X2 ’
P X3_X2)
T-¢ oqs(1_x2 ,
(*%7)

P X3 )’

Z[1 —X2/X3,1]((pl)/
¢" 0 Z1-x3,,11(0s © ),
Z10,1-x0/%5)(#")(Gs © @) © Zjo,1-x,.,1(ds © @)
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Renormalization Proof of main result: First Renormalization

Proof of main result: Changes of Variables

(X) e (S)
s=8"% g,
X3
X1
X2
X3
X4
(S) = (V)

1

1-—Xx4 X3
PR =TT T T

S3(1-51)S2

(1 + S3(1 = 81)82)84
Sa(1 - 51)S»

1

+ S5(1 —81)32
32

1
1

+ 83(1 — 81)82
2
14+ 853(1-51)S2

X2

y1=351, y2=1InSy, y3=1InS3, ¥4 =1InSy, y5 = In Ss.
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Proof of main result: Super Formula
Proof of main result: Super Formula

Wi (f) := (Yi,n = Yi(Rnf))i:2,3,4,5

TANGUE NDAWA Bertuel University of Ngao! Renormalization
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Proof of main result: Super Formula
Proof of main result: Super Formula

Wn(f) := (Yin == Yi(R"f))i=23,45 (3.12)

Proposition 4 (B. TANGUE NDAWA (2024))

Let (£1,€2) € (1,2)2. Then, there exists A, > 1, As € (0,1) EY, ES, ET,
wiix € R*, s.t, f € W, with critical exponents (¢1,€2), there exists
cu(f), ¢/(f) <0, cs(f), cs(f), ci(f) and ¢/, (f) s.tVn :=2p, € N*; pp € N,

wn(f) = c.(HAP"ES + wiy + O(e, cu(f), Au, n) (3.13)
Wn1(f) = cL(F)APE® + wi + O(e, c/(f), Ay, n); (3.14)

O(e, ou(f), A1) = O((e%ME™)1 1), 7 = maxier, &2}, (3.15) )

~—
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Renormalization Proof of main result: Super Formula

And, we have also

cu(f)abn-2

dist(pp) = Ole &
cu(fabn-1

dist(p) =Ole™ 2 (3.16)
cu(f)APn

dist(pr) = O(e h )

with

Df
Dist(¢)) = suplog )

x,yel Df(X) (3-17)
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Proposition 5 (B. TANGUE NDAWA (2024))

Let f € ‘W,. For every n,

11 11 14
dist(¢}) = o( o f) dist(pn) = ( r‘;;) dist(qph) = o(a’?'é’z)
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. e At e Sl i
Renormalization  [EllelfnElr£idel}

Lemma 6

Let f € W, then
X2, n+1
Q@ == = O(ant1),

Xi,n
X3,n+1
e - O((XI'H—1 )1
Xi,n
X1,n — X4,n+1
Q = O(an),
X1,n

Q sn= Ss,n = O(an)-
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Renormalization  [EllelfnElr£idel}

Proposition 7 (B. TANGUE NDAWA (2024))

feW,nelN and

R"(f) = (1,0, Sa.n, S3,n, San, S50, P, Py PF) -

If n is even, then

1. St
2. Soni
3. 5%m+1
4. Sanii
5. 5%m+1

ANGUE NDAWA Bertuel University of Ngao

=GR (1 0(el)

n-1

855 (1 4 O(a)),

o n-2
fgS5n
o1

8183 (1+0(a/3))

S (1-+0(a}))

s1n(1 +0(a!/%).

Renormalization
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W g At e Sl i
Renormalization  [EllelfnElr£idel}

Corollary 8 (B. TANGUE NDAWA (2024))
fe W, nelN and

R™(f) = (S1,n, S2,n 3,0 Sa,n, S5, P, Py (pf,) : (3.20)
Then,
xSt £ 1S5 1
1,2n 1,2n+1 7
=1+0 and ————=1+0 3.21
Sz.on ( “an- 1) S2,2n+1 ( “2n ) S21)

Proposition 9 (B. TANGUE NDAWA (2024))
fe We.. Forn e N even, the following equality holds.

Wni2 = Litge)Wnit + W, o)+ O(N, 4, a). (3.22) |

i o ¥

TANGUE NDAWA Bertuel University of Ngao! Renormalization July 16, 2025 28/34



—_—

Let wy be the fixed point of the equation Lw + W(;, 5,y = W
Lemma 10 (B. TANGUE NDAWA (2024))

For every pn large enough,
Wap, (f) = cu(HADEY + cs(F)ARES + ¢ (F)ET + wix + O(n, €1, €, ap);

Wapy+1(f) = S (F)APTEY + c4(FARES + ¢, (F)ET + wiy + O(n, 2, €, )

where, O(n, (1,¢, ag) resp O(n, £z, €, ap) is the vector whose
components are equal to

o(ag )]
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Lemma 11 (B. TANGUE NDAWA (2024))
Let f € W, then,

tzp, = O (ch(f)Aﬁn(eg+eg)) with c,(f) < 0 (3.24)

and
tzpy 1 = O (e (e +e0)) with ¢(f) < 0. (3.25)
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Corollary 12 (B. TANGUE NDAWA (2024))

ln
Vin _ Sen (@h(Sta) ™"
n(@p' 0 gs) (1= S2n)) gl
eWZ/n 5n3§:’;1(p51 o q;n1 (S1,n82,n83,n) . 1
S1S20S3n 1-Ph(Stn) (3.26)
gvan — StnSan(1 = 5" 0 G5/ (1~ Szn))
Se o 0 g5 (S10S2nSs0)
ln ln
eVan — (@L(Sm)) +1 s ¢£’(S1’n),\|10 o Sym
St St ’ Son

If the sequences in (3.26) are uniformly bounded, then
@ w,(f) tends to infinity exponentially when (¢1,€2) € [1,2]?\ {(2,2)}

@ w,(f) is bounded when (¢1,¢2) verifies the inequality |1 1(¢1, £2).
<
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Lemma 13 (B. TANGUE NDAWA (2024))

Let (¢1,¢€2) € (1,2)? and f € ‘W, with critical exponent (¢1,€2). Then for
n:=2pp,

Pn—4 ouguy . 5
Cxy g = Cu(NAY(eh+eb—el)+os(NAD (ef+e5-ef)-cyt0((e™ (2 Ry T)

PnoUygly 4,7
Xon = eCu(NAE(efrey)tos(NAT (5 +eg)+o((e™ W (2 %)) 1)

Pn-4 _
Xap = € (f)AP"(e“+e“)+cs(f)A”"(e5+e5)+0((e°“(’“u" (G ey

1 —X4p = ecu(f)ApneU+CS(f)/\PneS+0((ecu(f ( U+e )1/3)

’
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Project

DYNAMICAL SYSTEM:

1- Circle maps with a flat piece
a- Geometry and Hausdorff dimension

b- Renormalization POISSON GEOMETRY
e Cbifieo a Theata aimost twisted Paisson coho
d- Rigidity

_ b- Prequantification
e- Foliation by Geometry class

2- Differentiable geometry (action)

SYMLECTIC GEOMETRY
Bi-Lagrangian structure

a- Action of hism group on the Bi- ian structure set
b- Lifting of Bi-Lagrangian structures

FRACTAL GEOMETRY: CONTACT GEOMETRY:

a- Wondering set of circle map

GEOMETRY, DYNAMICAL AND
THEIR APPLICATIONS
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